One of general free boundary problems concerning the electrohydrodynamic effects on a concentric double emulsion drop is studied theoretically for the three constituent phases of leaky dielectric fluids. In order to proceed the problem analytically, the domain perturbation procedure is utilized in the small deformation limit. The patterns of electric-field-driven flow are successfully characterized by examining the distribution of induced surface charges at the inner and outer drop interfaces. The second recirculating flow is generated in the annular phase when the inner and outer interfaces are charged with the same sense. The deformation type of inner and outer interfaces can be roughly interpreted by the flow patterns, although the exact description on the deformation requires consideration of the combined contributions from both electric and flow fields. In addition, the presence of double emulsion droplets alters the stress field of the continuous phase. The electric-field-induced ''particle stress'' not only changes the effective viscosity of dispersion of the double emulsion droplets but yields the normal stress difference, which is typical of a viscoelastic fluid. Finally, the heat transfer rate enhanced by the electric-field-driven flow is also considered.
I. INTRODUCTION
The effect of an electric field on the drop dynamics has been the subject of a long history since the early experimental investigation of O'Konski and Thacher. 1 When a conducting drop immersed in a nonconducting suspending fluid 2 or when both the drop and its surrounding are perfect dielectric materials, 3 a uniform electric field elongates the drop into a prolate spheroid. On the other hand, when the drop and suspending phases have finite electric resistivities, the differences in the electrical properties such as dielectric constant and the electrical conductivity of the fluids induce the antisymmetric distribution of electrostatic charges at the fluidfluid interface under the action of electric field. These charges lead to surface stresses, which set the fluids inside and outside of the drop into circulatory motions. Taylor 4 developed the so-called leaky dielectric theory to explain this phenomenon and gave an analytical solution for the internal circulation of fluids and deformation of a single-phase drop in a uniform electric field. Such electric-field-induced flow is expected to enhance the heat or mass transfer rate. Consequently, the flow generated by an electric field is of practical interest in applications such as direct contact exchange processes between the immiscible liquids.
In many direct contact systems, three immiscible fluids are frequently encountered as the so-called compound multiphase drops or multiple emulsions. In the case of multiple emulsions, the dispersed drops themselves contain smaller droplets. Depending upon the number and size of internal droplets, emulsions are classified as type A, B, or C. 5 Drop of type-A emulsion contains one ͑usually large͒ internal droplet and, sometimes, is dubbed as a double emulsion drop. Drop of type-B contains several internal drops, and in drop of type-C a vast number of internal droplets are entrapped. Multiple emulsions can be obtained usually by double emulsification, in which a primary emulsion is reemulsified. Depending upon the surfactant used, multiple drops of type A, B, or C are produced. Drop of type-A emulsion can also be obtained in a spray or diffusion column, containing two immiscible liquids. In fact, multiple emulsion drops are ubiquitous in technically significant processes. The most well known application of multiple emulsions is their use as liquid membranes for selective mass transport. The use of liquid membranes for the separation of hydrocarbons was proposed originally by Li 6 and has subsequently been extended to artificial blood oxygenation, water purification, recovery of heavy metals, and the controlled release of drugs.
Our concern in this study is the fluid motions generated by a uniform electric field and the consequent deformation of a double emulsion drop. During the past two decades a number of researches have been carried out on the fluid dynamics of the compound multiphase drop subjected to an external flow field. Fluid mechanics of such multiple emulsion drops or bubbles has been discussed extensively by Johnson and Sadhal 7 and Sadhal et al. 8 Although a number of works deserve to be referred to as a basis of the present study, we restrict our attention here to the related problem of a concentric double emulsion droplet. Rushton and Davies 9 studied the translation of a concentric spherical double emulsion drop in an infinite fluid and Brunn and Roden 10 extended their work to consider the inertia correction to the translating drop. The most interesting result of these analyses is that the drop deforms at zero Reynolds numbers, unlike a single translating drop, which remains spherical at zero Reynolds number independently of the magnitude of capillary number. 11 Further, the flow created by a translating double emulsion drop causes the outer drop to deform into a prolate spheroid while the inner drop deforms into an oblate spheroid. Of course, these deformation analyses are limited to asymptotically small distortions from sphericity.
Stone and Leal's work 12 has to be mentioned here. They examined the behavior of a concentric double emulsion droplet in linear flows both analytically and numerically for an arbitrary degree of deformation. Their results show that a uniaxial extensional flow deforms the outer drop into a prolate shape while the steady recirculating flow generated in the annular region deforms the inner drop into an oblate spheroid. In a biaxial extensional flow, meanwhile, the trend of shape deformation of a double emulsion droplet is completely reversed.
In contrast, the effect of an electric field on the behavior of double emulsion drops is largely unexplored. Torza and Mason 13 investigated the interactions of two immiscible fluid drops dispersed in another third immiscible fluid in an electric field as well as in a shear flow field. The conditions for engulfing or partially engulfing of one drop into another fluid drop were considered thermodynamically. Oguz and Sadhal 14 conducted the stability analysis of a double emulsion drop subjected to a uniform electric field. They considered the eccentric configuration of double emulsion drop and obtained semianalytical solutions by using the bipolar coordinate system. Even under the uniform electric field, the drags on both the inner and outer drops were not zero and the secondary flow was generated owing to the eccentricity. Recently, Tsukada et al. 15 reported numerical calculations on the behavior of a compound drop under a uniform electric field. However, they considered a narrow range of physicochemical properties of fluids. More recently, our research group investigated the deformation and breakup of a multiple emulsion drop of type-C experimentally. 16 The stability of emulsion drops is considerably influenced by the presence of inner drops. However, investigations concerning the deformation of double emulsion drop in a uniform electric field have not been completed yet.
In the present study, we analyze the effect of a uniform electric field on the deformation of a concentric double emulsion droplet. The concentric configuration makes the solution scheme straightforward. In addition, double emulsions consisting of a drop containing a single internal drop have been prepared experimentally. 5, 13, 15, 17 Practically, direct contact heat exchange is achieved by passing drops of one liquid through another immiscible liquid. If the drop phase liquid undergoes evaporation, the liquid and its vapor bubble are both present as a double emulsion drop. Similarly, a vapor may be bubbled through an immiscible liquid. Then, as the vapor is condensing, double emulsion drops will be formed.
It is well known that in the case of the single-phase droplet the uniaxial or biaxial straining flow is induced by electric field depending on the electrical properties of fluids. [18] [19] [20] However, it is natural to expect that much more complicated flow patterns be produced interior and exterior to the double emulsion droplet when an electric field is applied. The small deformation analysis presented in this article demonstrates the effects of electric field and electricfield-induced flow field on the drop deformation in terms of the constituent fluid properties. In addition, the particle stress and the effective viscosity of a dilute emulsion, both of which are induced by the electric field, are calculated. As another example of applications, the enhancement of heat transfer rate is shown briefly in the limit of low Peclet numbers.
II. PROBLEM STATEMENT
Let us begin by considering the double emulsion droplet immersed in a uniform electric field E ϱ ϭE ϱ e z , as illustrated in Fig. 1 . We restrict our attention to the case where the centers of mass of the two droplets remain at the origin of the spherical polar coordinates (r,,). The undeformed radii of the outer and inner droplets are a and a ͑Ͻ1͒, respectively. The three distinct Newtonian fluid phases are immiscible with viscosities denoted by i (iϭ1,2,3). The interfacial tension ͑assumed constant͒ between the phases i and j (i, jϭ1,2,3) is denoted by ␥ i j . The double emulsion droplet is stationary and is subjected to a uniform electric field. Since we assume neutrally buoyant double emulsion droplet, there is no relative translational motion between the two spherical interfaces in the absence of the electric field. It is also assumed that both the flow and electric fields are at a steady state.
A complete analysis of double emulsion drops would have to include hydrodynamic and thermodynamic considerations including breakdown mechanism. The role of surfaceactive agents, if present, have to be considered because the behavior of the drop is significantly influenced by surfactant added deliberately or impurities such as dust. 21, 22 Moreover, unless there is a centering mechanism, eccentric or partially engulfing equilibrium configuration can be developed. In the thermodynamic point of view, Torza and Mason 13 gave detailed analysis of static two-fluid drop configurations. Their work is based on the assumptions that the equilibrium configuration is solely determined by the interfacial tensions of the possible fluid-fluid interfaces. Johnson and Sadhal 7 provided a more rigorous proof on the criteria for any particular configurations. Of course, the electrohydrodynamic analysis alone is not sufficient and severely limits the applicability of the results to real systems. However, as discussed by Brunn and Roden, 10 a concentric double emulsion configuration is possible for specific size ratios for a given system in sedimentation.
The electric field problem can be considered separately from the flow field if the electric charge convection by the fluid motion can be neglected. In this case, Poisson's equation reduces to Laplace's equation for the electrostatic potential . The fluids involved in this problem are neither perfect dielectrics nor perfect conductors, i.e., leaky dielectric materials. They have finite permittivity ⑀ i and electrical resistivity i . Nondimensionalizing by defining appropriate characteristic variables such as l c ϭa, E c ϭE ϱ , and c ϭaE ϱ , the governing equation for phase i is
The boundary conditions at each interface are
in which R i j is the ratio of electric resistivities of phases i and j, and S i j is the permittivity ratio. Here, i j is the induced surface charge density on the interface between phases i and j. On the interface, n i is the unit outward normal from phase i and t i is the unit tangential. In addition, E i denotes the electric field developed in fluid phase i and can be related to the electric potential as E i ϭϪ" i . Far field condition ensuring the uniformity of electric field at large distances from the drop and the condition for the bounded electrostatic potential at the drop center must be satisfied. By applying the boundary condition ͑4͒ at the interface, the distribution of surface charge i j at the interface i j can be calculated. As we shall see shortly, i j plays a very important role in analyzing the electric-field-induced flow. The electric charges accumulated at the interfaces create stresses, and thereby induce fluid motions. The electric stress of phase i can be expressed generally in terms of Maxwell electric stress tensor, defined as
In order to examine the effect of electric stress on the drop deformation, it is convenient to decompose the electric stress into the components normal and tangential to the interface. 21 Under the leaky dielectric assumption, both of the tangential and the normal components of electric stresses are discontinuous across the drop interface except for some special cases. Due to the normal stress imbalance, the drop cannot remain spherical but must be deformed even at the equilibrium in the absence of external flow. Further, the tangential stress mismatch is responsible for the boundarydriven flow, which exactly cancels the tangential stress imbalance generated by the electric field. Thus, to analyze the drop deformation in an electric field, we must solve simultaneously the flow field problem coupled with the electrostatic problem.
In a steady state, fluid motions are induced by the surface charges in such a way that the associated hydrodynamic tangential stresses match the electrostatic tangential stresses at the interfaces. It is assumed that the relevant Reynolds number is sufficiently small that the inertia effects can be neglected. Under these circumstances, the fluid motion in each phase is governed by the quasisteady Stokes equation. Thus, the dimensionless governing equations for phase i are
Here, (u i ,p i ) represents the dimensionless velocity and pressure fields in phase i. The characteristic velocity u c and pressure ͑or stress͒ p c are defined as u c ϭa⑀ i (E ϱ ) 2 / i , and p c
The choice of the characteristic variables for flow field is based upon the fact that the flow is generated due to the imbalance of tangential stresses associated with the electric field. The continuities of tangential velocities, kinematic conditions, and the tangential stress balances at the interface i j must be satisfied, that is,
in which i j is the viscosity ratio of phases i and j. The hydrodynamic stress tensor T H,i of phase i is given by
The first correction to the shape of the inner or outer interface is determined by the normal stress balances, i.e.,
for the outer drop surface ͑interface 12͒, and
for the inner drop surface ͑interface 23͒. In the above equations, We 0 and We i are the electrical Weber numbers defined by the properties of outer and inner drops, respectively. The Weber numbers provide a measure of the electrical force responsible for deformation of the drop relative to the restoring interfacial tension force. Of course, the electrical Weber numbers for the inner and outer drops can be related as
where ⍀ϭ␥ 23 /␥ 12 is the ratio of interfacial tensions.
III. METHODS OF SOLUTION
In general, the problem formulated in the previous section is nonlinear in spite of the linear governing equations. The nonlinearity comes solely from the boundary conditions. Another difficulty inherent in this problem arises from the fact that the interface location where the boundary conditions are applied is a priori unknown and must be determined as a part of solution. Thus, for arbitrary We 0 where the deformation may be quite significant, the problem can be solved only by numerical methods. In the present study, instead, we employ a purely analytical approach known as the domain perturbation procedure 23 by considering the asymptotic limit We 0 Ӷ1.
In this problem, the double emulsion drop is treated as concentric in the sense that their centers of mass are coincident, and it is also assumed that their shapes are nearly spherical. Consequently, the analysis is limited to the small deformation case in which the restoring interfacial force is much larger than the electrostatic force and the magnitude of deviation from sphericity is expected to be O(We 0 ). Under the small deformation assumption, both the governing equations and the boundary conditions are linear. The velocity and electric fields are calculated from the governing equations and boundary conditions, which must be satisfied at the undeformed, spherical interface instead of the deformed interface.
Solving the electric field problem is relatively simple. The general solution of the Laplace's equation is expressed in terms of spherical harmonics. Considering the far field condition and finite potential at the drop center, the electrostatic potential for each phase can be written as
The four unknown coefficients b 1 , b 2 , d 2 , and d 3 must be determined by applying appropriate boundary conditions. Then, the electric stress jump and surface charge distribution at each interface can be calculated straightforwardly.
In the small deformation limit, both the governing equations and the boundary conditions for the flow problem are also linear. The velocity and pressure fields induced by electric field in the suspending fluid ͑phase 1 in which rϭ͉x͉ у1) may be written in the general form:
Here, e is a rate-of-strain tensor corresponding to the electric-field-induced flow field. It is linearly proportional to a second-order tensor, EEϪ 1 3 I, based on the fact that the tangential stress difference is proportional to EE:nt, as shown in Appendix A. The velocity and pressure fields in the inner droplet ͑phase 3 in which ͉x͉р͒ must remain bounded as r→0 and have the general form
In the annular region ͑phase 2 in which р͉x͉р1͒, spherical harmonics of both positive and negative degrees are necessary. Thus,
In Eqs. ͑13b͒ and ͑13c͒, p 2 * and p 3 * are constant, which are related to the ambient pressure p ϱ and the radii of the undeformed spherical interfaces. The corresponding stress fields can be also evaluated.
The drop shape can be expressed in terms of surface spherical harmonics. Since the flow and electric fields are described by the second-order tensor e, the shapes of the fluid-fluid interfaces should be expressed as rϭ1ϩH 12 x-e-x r 2 , ͑14a͒
for the interface 12, and rϭ ͩ 1ϩH 23
x-e-x r
for the interface 23. The scalar coefficients H 12 and H 23 , which represent the leading-order shape corrections, must be determined as a part of the solution to the problem. Higherorder harmonics would appear in ͑14a͒ and ͑14b͒ if higher order terms in an asymptotic expansion for the velocity and electric fields are required. Although higher-order terms have been calculated for the single-phase drop subjected to various external fields, the leading-order solution is sufficient to provide the physical insight about the electric-field-induced flow and the small deformation produced by the electric and hydrodynamic stresses. If the shape function is defined as
x-e-x r 2 ͬ ϭ0,
͑15͒
the unit outward normal to the outer interface can be calculated from
It follows that the local mean curvature of the slightly deformed outer surface is given by "-n 2 ϭ2ϩ4H 12 n 2 -e-n 2 . ͑17͒
Similarly, for the inner surface, we have
The normal stress balance is then used to calculate the first correction to the drop shape. Detailed expressions of h 12 and h 23 are given in Appendix A.
IV. RESULTS AND DISCUSSION

A. Electric-field-induced flow and drop deformation
Let us now consider the charge distributions on the inner and outer drop interfaces. It has been clearly understood, for the case of single-phase drop, that the electric-field-induced flow becomes uniaxial or biaxial straining flow depending on how the charges are distributed on the drop surface. However, the double emulsion drop considered here has a rather complicated configuration, and it is expected that the charges would be induced on the two interfaces of the double emulsion droplet in different manners. Therefore, the flow patterns generated by electric field inside and outside of the double emulsion droplet may be fairly complex compared with those of a single-phase drop.
The charge distributions at the outer and inner drop interfaces ( 12 
͑20b͒
One of the interesting results to note is that the sign of surface charge is determined by S 12 R 12 for the outer interface and by S 23 R 23 for the inner drop interface. Similarly, the distribution of charge at the single-phase drop is solely determined by the magnitude of a single parameter SR. As shown schematically in Fig. 2 , the four types of charge distribution are possible. When the value of S 12 R 12 is unity there is no charge at the outer drop interface and when S 23 R 23 ϭ1, no charge at the inner drop interface. Charge distribution at the drop interfaces provides basic information not only about the electric-field-induced flow patterns at least qualitatively, but also about the deformation of double emulsion droplet. In particular, when both S 12 R 12 ϭ1 and S 23 R 23 ϭ1, there is no mismatch of tangential components of electric stresses, and consequently, no fluid motions. In cases I and III, the same sign of charges, and in cases II and IV, the opposite sign of charges are produced on the hemispheres of the same sides on the interfaces. Such a charge distribution creates the quite different flow patterns exterior and interior of the double emulsion drop.
In Fig. 3 , streamlines of electric-field-induced flow are reproduced for the four distinctively different cases of the charge distributions depicted in Fig. 2 . Since the problem considered here is axisymmetric and possesses the fore-aft symmetry, a quadrant of the double emulsion drop is enough to represent the whole streamline. As ⍀ and We 0 appear only in the normal stress balance, they play a role in the deformation of the interfaces but do not affect the velocity field at this order of approximation. The flow patterns in case II generated by electric field are qualitatively identical to those of the double emulsion droplet subjected to a uniaxially straining flow and in case IV to the biaxially straining flow. It can be seen from Figs. 3͑a͒ and 3͑b͒ , that the external fluid motion creates a recirculating flow in the annular region that drives a flow in the inner droplet with an opposite sense of circulation. The effect of viscosity ratios was examined and found to cause very little effect on the streamline patterns.
On the other hand, unexpected flow patterns are generated in cases I and III in which the sign of charges on the two hemispheres of the same sides on the interfaces are the same. The fluid motions outside the double emulsion droplet are determined by the sign of (S 12 R 12 Ϫ1) and are either uniaxial or biaxial straining flow. Meanwhile, it can be clearly noted that, in case I, the second recirculatory flow is generated in the annular phase by the repulsion between charges on the inner and outer drop interfaces as depicted in Fig. 3͑c͒ . Thus, it may be expected that the second recirculatory flow be also generated in case III. However, in case III, the second recirculatory flow can be created or not in the annular phase. In particular, the second recirculatory flow is not produced when S 12 R 12 is far less than unity, as depicted in Fig. 3͑d͒ . This is because the surface charges built up on the interior interface are negligibly small compared to those on the exterior interface in this case. It can be found from Fig. 4 that the induced surface charges on the inner drop interface 23 may be negligible unless R 12 is close to unity. In this case, the viscous flow resulted from the tangential stress mismatch at the interior interface should be very weak. Consequently, the overall velocity fields in the annular and inner drop phases are determined by the predominant charge distribution on the exterior interface. Of course, when the mag-FIG. 3. Flow patterns created by electric field applied to the horizontal direction. Variables except resistivity ratios are fixed at S 12 ϭS 23 ϭ1, 12 ϭ 23 ϭ1, and ϭ0.5. ͑a͒ Case II: R 12 ϭ0.1, R 23 ϭ10; ͑b͒ case IV: R 12 ϭ100, R 23 ϭ0.1; ͑c͒ case I: R 12 ϭ100, R 23 ϭ10; ͑d͒ case III: R 12 ϭ0.1, R 23 ϭ0.1; ͑e͒ case III: R 12 ϭ0.9, R 23 ϭ0.7. Cases I-IV correspond to the types of induced charge distribution illustrated in Fig. 2. nitude of interior surface charges cannot be ignored, the second recirculatory flow is induced, as shown in Fig. 3͑e͒ .
According to Stone and Leal, 12 the external uniaxial flow will tend to deform the overall droplet into a prolate spheroidal shape in the absence of electric field. Meanwhile, the steady interior flow generated in the annular region creates a biaxial extensional flow in the neighborhood of the inner droplet. This deforms the inner droplet into an oblate spheroidal shape. Exactly the reversed situation occurs when a biaxial extensional flow is imposed at infinity. In this case, the overall droplet deforms into an oblate ellipsoid, but the inner droplet is exposed to a uniaxial extensional flow and thus deforms into a prolate ellipsoid. However, it is well known that the deformation of a single-phase drop subjected to an external electric field cannot be described simply by considering fluid motions alone since the electric normal stress mismatch is present. The mismatch of electric normal stresses is able to deform the drop interface itself even without inducing fluid motions at steady state.
In this study, we examine the effect of the resistivity ratios R 12 and R 23 exclusively among other variables. This does not diminish the value of our work reported here because other variables play relatively minor roles in the electrohydrodynamic deformation of a double emulsion droplet. As mentioned previously, the degree of drop deformation can be interpreted in terms of the magnitudes of shape correction coefficients, h 12 and h 23 in ͑19a͒ and ͑19b͒. The positive sign of h 12 or h 23 means a prolate-type deformation of the corresponding drop and the negative sign means an oblate-type deformation.
In Fig. 5 , the deformation diagram is represented in terms of R 12 and R 23 . The solid line separates the prolateand oblate-type deformations of the outer drop in this diagram. This solid line is slightly distorted by the action of jump in the electric normal stress at the interface from that conjectured by charge distributions. Roughly speaking, however, the outer drop deforms into either prolate or oblate spheroid depending on R 12 for a given parameter set in Fig.  5 . Deformation of the inner drop is a little bit complicated. The boundary dividing prolate or oblate deformations of the inner drop is represented as a dotted line. The deformations of the inner and outer interfaces are readily predicted by the streamlines as reproduced in Fig. 3 . The oblate type deformations of the inner and outer interfaces in the case of R 12 Ͼ1 and R 23 Ͼ1 are clearly consistent with the fact that the second recirculatory flow is generated in the annular phase. In the shaded region of the deformation diagram, both the inner and outer interfaces deform into a prolate spheroidal shape due to the second recirculatory flow. In fact, when R 12 Ͻ1 and R 23 Ͻ1, the imbalance of normal components of the electric and viscous stresses are very small, and the inner interface remains nearly spherical.
Typical steady-state shapes are shown as a function of the electrical Weber number in Fig. 6 . In the small deformation limit, the degrees of deformation of both the inner and outer droplets increase linearly with the electrical Weber number. According to Stone and Leal, 12 the deformation of the inner droplet induced by externally applied flow field is much smaller than that of the outer droplet since the smaller curvature makes the restoring interfacial tension the more significant. Although this description is obviously correct, it is possible that the inner drop may experience much stronger electric force than the outer droplet depending on the electrical properties of fluids. Consequently, the deformation of the inner drop can be larger than that of the outer drop, especially when both R 12 and R 23 are larger than unity. Figures 7͑a͒ and 7͑b͒ show that the inner drop can be deformed more significantly than the outer drop. In these figures, the degree of deformation, D, is defined by Dϭ(L ϪB)/(LϩB), where L and B represent the half-length and half-breadth of the interface position, respectively. The halflength L is always measured parallel to the direction of electric field and the half-breadth B is perpendicular to the electric field. Thus, DϾ0 is for a prolate-type deformation and DϽ0 for an oblate-type deformation.
B. Rheology of dilute dispersion of double emulsion droplets
It is noteworthy that the applied electric field may change the rheological properties of a dilute suspension of spherical double emulsion drops due to the circulatory flow around the droplet. The bulk stress in a dilute suspension of particles has been discussed by Batchelor. 24 When the droplet is freely suspended in general linear flows, the bulk stress, ⌺, is related to the rate-of-strain tensor G which is nondimensionalized by a magnitude of flow G:
where
͓͑T H,1 -n 2 ͒xϪ͑ u 1 n 2 ϩn 2 u 1 ͔͒ds.
The so-called particle stress ⌺ (p) represents the contribution to the bulk stress from the presence of the particles. Here, ␣ is the particle volume fraction and the integration is carried out over the outer surface of the droplet.
In the present case, the particle stress is caused by electric-field-induced straining flow as well as imposed mean flow. At first, consider the electric-field-driven particle stress. Because the solution presented above treats the double emulsion droplet as spherical and all of the double emulsion drops are identical, it is straightforward to show that the only contribution to this integral comes from the stresslet, i.e., A 1 term in ͑13a͒. The result is, FIG. 6 . Deformation of a concentric double emulsion droplet in an electric field for We 0 ϭ0, 0.05, 0.10, and 0.15. A uniform electric field is applied to the horizontal direction. ͑a͒ R 12 ϭ10, R 23 ϭ100; ͑b͒ R 12 ϭ100, R 23 ϭ10 for S 12 ϭS 23 ϭ1, 12 ϭ 23 ϭ1, and ϭ0.5. 
Similarly the particle stress in the imposed linear flows can be expressed as:
where A 1 (F) is stresslet associated with the imposed linear flows.
12 Then, the overall particle stress can be calculated by simply superposing the two individual contributions, due to the linearity of Stokes equation. The result is,
Here, (ϭ⑀(E ϱ ) 2 /G) denotes a ratio of the electrical Weber number to the capillary number. Thus, when the electric field is dominant, the particle stress contributed from the imposed flow ͑i.e., A 1 (F) term͒ can be negligible. The magnitude of the electrical Weber number or capillary number itself has no influence at this level of approximation. Meanwhile, drop deformation, which depends on the magnitude of electrical Weber number or capillary number, leads to more complicated rheological properties such as normal stress difference. This has been discussed for a dilute suspension of single-phase drops in a flow field by Frankel and Acrivos 25 and Schowalter et al. 26 We now consider the form of particle stress when the dispersion is subjected to a steady viscometric flow. At first, suppose that the dispersion is suspended in an extensional flow. In this case, the rate-of-strain tensor G of the imposed flow is the scalar multiple of tensor e. All the components except the diagonal ones in the rate-of-strain tensors are zero. Thus, dilute dispersion of concentric spherical droplets behaves as a Newtonian fluid with an effective extensional viscosity, *, given by
On the other hand, when the dispersion is subjected to a simple shear flow, G and e have distinctively different forms. It can be founded that the electric-field-induced flow does not affect the shear viscosity, but produces the first or second normal stress difference depending on the direction of electric field. The dependence of electric-field-induced stresslet A 1 on the ratios of electrical resistivities is represented in Fig. 8 .
C. Enhancement of heat transfer rate
In this subsection, as another example of applications, we consider briefly the enhancement of heat transfer rate by the electric-field-induced flow around a double emulsion droplet. In order to describe the heat transfer from a double emulsion droplet, we adopt that the so-called forced convection approximation. In this illustrative calculation, the Peclet number ͑Pe͒ is assumed sufficiently small that the convective transfer is negligible. It is well known that a regular expansion fails when used in an attempt to analyze transport from a translating sphere in Stokes flow. In a region far from the sphere, the convection and conduction contributions to transport will be of the same order of magnitude. Conduction clearly cannot be the dominant mode of transport far from the body, regardless of how small Pe may be. This constitutes a contradiction of assumption and demonstrates that the conduction solution is not valid everywhere.
However, when the fluid motion is induced by the electric field in the absence of any imposed mean flow, the regular perturbation in terms of small Pe is appropriate and a solution can be obtained for the heat transfer from the drop. 27 This can be seen clearly from the order of magnitude analysis. As noted earlier, the fluid velocity far from the drop is O(u c a 2 /r 2 ). In this case, the ratio of the convection to the conduction flux far from the body becomes O(Pe/r), which indicates that throughout the fluid, conduction will be the dominant transfer mode provided that the Peclet number is sufficiently small. Furthermore, when PeӶ1, the quasisteady state approximation is valid. In this case, the overall heat transfer rate Q across the outer drop surface (rϭa) is governed by
in which k 1 denotes the heat conductivity of phase 1, and Nu 1 is the dimensionless heat transfer coefficient, i.e., Nusselt number. Therefore, the drop temperature T 1 is bounded by the ambient temperature T ϱ . Otherwise, T 1 ͑or T ϱ ) is limited by a critical temperature above or below which the drop loses its phase stability.
It may not be necessary to state the detailed regular perturbation procedure of solving the problem, since it is quite straightforward although tedious algebraic manipulations are required. The resulting dimensionless Nusselt number for heat transfer from the drop phase to the continuous phase 1 can be obtained as a function of Peclet number: 
, and
where ⌳ and ␤ are ratios of heat transfer coefficients and Peclet number between phase 1 and 2, respectively. The leading order term Nu 1 (0) in ͑26͒ corresponds to the pure conduction. Obviously, the electric-field-induced flow enhances the heat transfer rate via convection and its first contribution to the Nusselt number appears at O(Pe 2 ). According to Griffiths and Morrison, 27 the useful range of perturbation expansion was found to extend at least to a Peclet number of 60 for the single-phase drop. The explicit expression of the scalar function Nu 1 (1) can be found in Appendix B. Also, the first corrections Nu 1
(1) of Nusselt number for some parameter set are plotted in Figs. 9͑a͒ and 9͑b͒. 
V. SUMMARY
In the present study, we have examined the effect of external uniform electric field on the fluid dynamics of a double emulsion droplet. It is assumed that the double emulsion drop has a concentric configuration and the inner and outer drops are nearly spherical. Through the analytical approach, we obtain approximate solutions of the electric and velocity fields. The electric-field-induced flow is well characterized by considering the distributions of charge on the inner and outer drop interfaces. The same sign of charges of each surface results in the second recirculating flow in the annular phase. The combined effect of electric and velocity fields is also examined. Differently from the deformation of a double emulsion drop in a linear flow field, prolate-prolate or oblate-oblate as well as prolate-oblate and oblate-prolate types of deformation of the inner and outer drops are predicted. The degree of deformation corresponding to the inner drop can exceed that of the outer drop when the continuous phase is conducting compared to the annular phase. Rheology of dilute dispersion of double emulsion drops shows that electric-field-induced flow influences on the effective viscosity of the dispersion and generates typical non-Newtonian properties of the normal stress differences. Finally, the present analysis also demonstrates that the electric field can enhance the transfer rate of heat or mass through the double emulsion droplet.
APPENDIX A: EXPLICIT EXPRESSIONS OF ELECTRIC AND VELOCITY FIELDS
In this Appendix, we present the explicit expression for the solutions of electric and velocity fields interior and exterior to the double emulsion drop. The four coefficients included in the electrostatic potentials ͓͑12a͒, ͑12b͒, and ͑12c͔͒ for each phase are 3 ). The steady state velocity field is a uniformly valid first approximation to the flow field for the given material properties, provided the interface deformation is small. However, as clearly noted from the related analysis of the single-phase droplet deformation problem, this velocity field is not sufficient to calculate the first correction to the drop shapes for very viscous droplets, i.e., for either 12 ӷ1 or 23 ӷ1. This is because the next term in an asymptotic expansion for the velocity field makes an O(1) contribution to the normal stress balance for large viscosity ratios.
If we consider the case in which 12 ϭO(1) and 23 ϭO(1), then the determined velocity field for We 0 Ӷ1 can be used to calculate the first correction to the drop shape from the normal stress balance. As a result, the shape correction functions h 12 
APPENDIX B: EXPLICIT EXPRESSION OF NUSSELT NUMBER IN "26…
Under the assumptions made in the main text, the reduced temperature field T 1 of the phase 1 can be expressed in terms of Legendre polynomial. After tedious and lengthy algebra, 
